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Abstract—This paper proposes a new multiple description
(MD) coding method and an associated achievable rate-distortion
region for L > 2 channels. The proposed scheme randomly
bins codebooks chosen from the codebook structure, similar to
that of the recently proposed combinatorial message sharing
(CMS) scheme designed for conditional codebook encoding. The
proposed scheme effectively performs multilayer random binning
for each subset of the description, which hence enables to utilize
the symmetry of a ‘“subset” of the description rates wherever
it exists. The new scheme specializes in to the conventional
multilayer random binning as an extreme special case.

Index Terms—Multiple description coding, source coding, rate-
distortion theory

I. INTRODUCTION

The multiple description (MD) coding problem is a long
standing open problem in source coding [1]-[3]. For the
two description problem, the rate-distortion region has been
completely characterized for the quadratic Gaussian problem
[1], and the encoding scheme in [2] was shown to be optimal.
While several achievable regions exist [2], [3] for general
sources, a complete characterization remains an open problem.

Recent focus has been more on the general L-description
problem (L > 2). Venkataramani, Kramer and Goyal (VKG)
[4] extended the conditional codebook approach of [3] to L
descriptions using one common base layer that is broadcasted
to all the descriptions. Recently, we extended this scheme
by realizing the need for a combinatorial number of base
descriptions, namely “combinatorial message sharing” (CMS).
This extension allows flexible adaptation to non-symmetric
rates and distortions [5]. In [6], we showed that the CMS
achievable region strictly subsumes the VKG region.

The above prior work deals with the MD problem within its
most general setting, using a conditional codebook approach:
base layer codebooks (or the refinement layer codewords) are
generated conditioned the previous layer codeword. Such a
scheme is best suited for the general setting of non-symmetric
rates and distortions. We next consider a practically important
special case of symmetric MD, where all descriptions are
encoded at the same rate and the distortion only depends on the
number of descriptions received, and not the specific subset of
descriptions. An achievable rate-distortion region under these
assumptions is derived by Puri, Pradhan and Ramchandran
(PPR) [7], [8], by utilizing a random binning method often

This work is supported in part by the NSF under grants CCF-0728986,
CCF-1016861 and CCF-1118075.

used in distributed source coding. In [7], a coding scheme was
proposed, namely the source-channel erasure codes (SCEC),
which have similar structure to the (L, k) maximum distance
separable codes (MDS). In [8], these codes were layered from
(L,L) to (L,1) resulting in a scheme that we will call the
multilayer PPR scheme. This coding scheme achieves several
cross sections of the outer bound for this fully symmetric
setting, as shown in series of papers by Wang and Wisvanath
[9], [10] and close to the outer bound in general [11]. Notably,
in [12], this scheme is enhanced by utilizing ideas from
quantization splitting and channel (or network) codes.

Here, we propose a new encoding scheme that leverages the
flexibility of our recent CMS framework while incorporating
in it random binning techniques. Specifically, we perform
random binning within codebooks structured according to the
CMS principle at the base layer. CMS enables this scheme to
adapt to non-symmetric rates and distortions, while utilizing
the efficiency of random binning whenever there is symmetry,
including the partially at the subset level. More specifically,
we have a PPR-like multilayer random binning scheme for
each subset of the combinatorially organized base layer code-
books, hence, we efficiently utilize the symmetry with random
binning, while the scheme can adapt to the overall asymmetry
in rates and distortions.

As an example setting to provide intuition for the potential
benefits of the proposed scheme, consider a scenario where
symmetry is limited to a subset of the description rates, say,
Ry > Ry = R3; = R4 = R. Then, a PPR-like scheme has
to bin the codebooks at the same rate of R, due to its highly
symmetric structure. However, an excess rate of R; — R bits
will be unused. On the other extreme, a conditional codebook
based scheme will use all descriptions at their full rates, but
will not utilize the symmetry of Ro, R3 and R4. The proposed
paradigm, applying multilayer random binning for each subset,
will efficiently utilize available partial symmetry. At the same
time, it adapts to the asymmetry of the overall rates, and hence
avoids unused excess rates.

This paper is organized as follows: In Section II, we present
the notation and an overview of prior L-channel MD schemes.
In Section III, we describe the new approach along with the
new achievable region for this scheme. Section IV provides
conclusions.
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Fig. 1. Codebook structure in the VKG scheme

II. PRELIMINARIES
A. Notation

Let {X(i)};=12,. be a zero-mean memoryless and sta-
tionary source taking values in alphabet X and let X be the
reconstruction alphabet. The vector [X (1), X (2),..., X(n)] is
compactly denoted by 2™. The distortion measure d : X x X —
RT is bounded and additive. We use Z; to denote the set
{1,2,..,L}. For parsimony of notation, we employ H(X)
to denote the entropy of a discrete random variable X, or
differential entropy if X is continuous. For an arbitrary set A4,
we use 27+ to denote the set of all subsets of A with cardinality
greater or equal to m, i.e.,

A LI5S CA S| >m).

B. Venkataramani-Kramer-Goyal

VKG scheme is a generalization to L > 2, of the conditional
codebook schemes originally designed for L = 2. Let us
present an overview of the encoding scheme. The order of
codebook generation of the auxiliary random variables is
shown in Figure 1. Observe that the codebook generation
follows the order: shared layer — base layer — refinement
layer. First, the codebook associated with Vz, is generated
with the marginal py, . Conditioned on each codeword from
Vz,, the codebook for U; where [ € Zp, is generated
according to their respective conditional densities. Next, for
each Uy, A € 27 a single codeword is generated, conditioned
on the codeword tuples from the previous layers.

On observing a typical sequence x™, the encoder tries to
find a jointly typical codeword tuple one from each codebook.
The codeword index of Uj is sent in the description [ € Zy.
Along with the private messages, each descriptions also carries
a shared message, which is the codeword index of Vz,. Note
that Vz, is the only shared random variable. U; where [ € 7},
form the base layer random variables and all U4, A € 2% form
the refinement layers.

C. Combinatorial Message Sharing

In [5], we generalized VKG by including a common code-
book for each subset of the base descriptions. The order
of codebook generation of the auxiliary random variables is
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Fig. 2. Codebook structure in the CMS scheme

shown in Figure 2 which also specifies the conditioning of
the combinatorially shared codebooks. This scheme clearly
subsumes VKG as a special case and in fact strictly subsumes
its achievable region as was shown in [6].

D. Random Binning-Source Channel Erasure Codes (SCEC)

Here, we focus on the symmetric MD coding problem,
where all descriptions are encoded at the same rate and
distortion is determined by how many rather than which
descriptions were received. Thus, the achievable rate distortion
region is a subset of the L + 1 dimensional space of vectors
(R, D1, Do, ...,Dy) where Dy is the distortion incurred if k
descriptions are received, and R is the description rate.

Suppose for now that we know that at least k& descriptions
are received. Then one may, as a first approach, employ the
best rate kR source code and encode it for the L channels
using a (L,k) maximum distance separable (MDS) code.
Thus, if any k descriptions are received we will have the
optimal distortion for this rate. However, if more than &
descriptions are received the decoder does not gain any new
information. Such an encoding scheme is equivalent to gener-
ating one codebook at rate kR and having it random binned
independently for each of the descriptions. We will refer to
such codes as MDS codes.

Alternatively, one could generate L independent codebooks
in order to gain new information for each received description,
and randomly bin the codewords so that the decoder can find
only one sequence jointly typical with the source. However, it
is not obvious at first that if we can still achieve the optimal
distortion for a rate kR code. The key result of [7] shows
that with the reception of k descriptions one may recover
the source coded at rate kR and monotonically decrease the
distortion with reception of additional descriptions. We refer
to such codes as ‘1“source channel erasure codes, SCEC. The
achievable region RDppp, is formalized below.

PPR-1 (SCEC) Region: Let Y7,...,Y, be a collection of
random variables that are jointly and symmetrically distributed
with an arbitrary source random variable X. Then, if at least
k descriptions are received and

Dy = E{d(X, gxc(Yc) }
1 1
R> %H(Y17Y27 "'aYk?) - EH(YMYQa aYLlX)

the rate distortion vector (R, Dy, Dg41, ..., Dr,) is achievable.
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Random Code Generation: Construct a random codebook
with py, independently for each Y;, i € Z, by selecting 2"
codewords uniformly.

Random Binning: To each codebook associate 2" bins,
each containing approximately 2% ~5) codewords.

Encoding: Given a sourceword z”, find the indices
11,19, ..., 17, such that the corresponding codewords and source
™, y1(41), y2(32), ...,y (i) are jointly typical. Transmit the
bin index ¢; over the channel [, VI € L.

Decoding: For a set of received bin indices indexed by X
the decoder finds for k; € K the yx(ix) that are jointly typical
and each are contained in the bin corresponding to the received
index. If more than one such set exists, it declares an error.
Otherwise it decodes using gx (yi). It follows from strong
typicality and counting arguments [13], [14] that error event
probability vanishes asymptotically for large n.

E. Layered Random Binning:

In [8], a multilayer random binning scheme is proposed,
which can be roughly described as the concatenation of (L, k)
SCEC’s for k£ = 1,2,..L. More specifically, there are a
total of L layers in this coding scheme, and the encoding
and decoding can be performed from lower layers to higher
layers sequentially. At the [** layer and for any description
7, a codebook of size 2 s generated using the marginal
distribution of Y; ;. The codewords in a codebook are then
randomly and independently assigned a total of 27 bin
indices, for all [ and j.

The rates RL ;5 should be sufficiently large such that for any
typical source sequence, with high probability there exist code
words in these codebooks of a certain layer such that they are
jointly typical with the source sequence and the codewords
found in previous layers. Using the property of symmetric
distribution (see [8]), it can be shown that this can be done
with

L L
R;,j > ZH(}/IJ) 7H(}/I,IL|X’ YIL—LIL) (1)
1 j=1

Jj=

At the decoder, with any [ descriptions such that [ € 7y _1,
the lower [ layers are decoded sequentially from the lower
to the higher layers in [ steps. More precisely, the decoder
receives descriptions in the set |A| = [. Taking an induction
approach, we assume the first [ — 1 layers of codewords are
correctly decoded, and only consider the decoding of the I*"
layer. If there exists a unique set of codewords in the bins of
the corresponding codebooks, specified by the descriptions in
the set , that are jointly typical with each other, and at the
same time they are jointly typical with the correctly decoded
lower layer codewords, then the decoder reconstructs using
the single letter decoding function g 4; otherwise a decoding
failure occurs. For successful decoding, it can be shown that
the rates need to satisfy

l
S R, -R;>> HY;)-HYzY7_ ,7) @
JEA j=1

for all | € Zy_;. Then, total rate for each description is R; =
L
> Ry ;. Let us call the achievable region obtained by this

=1
scheme RDppr,.

III. PROPOSED SCHEME

Here, we integrate the random binning approach within the
CMS coding structure. Basically, we use the PPR approach
of layering (L, k) MDS codes for each subset of the base
descriptions and continue to use the PPR enhancement de-
scriptions, i.e., layered SCEC. Note that at the base layer,
we do not have the luxury of using independent codebooks
(hence, we have MDS codes instead of SCEC at the base
layer), but we can bin the base layer codewords, independently
and at different rates for each description. We begin with a four
description example, that illustrates the operation and the use
of the proposed scheme.

A. Four Descriptions Example

The base and refinement codebook generation is shown in
Figure 3. Base and refinement layer codebooks are denoted C'
and C' respectively. The rates of the codebooks (denoted )
are determined by the ability to encode successfully by finding
a set of codewords jointly typical with the source and the
binning rates (denoted p) are determined by the requirement
of successfully decoding by finding a unique jointly typical set
of codewords in the received bins. For the base descriptions
broadcasted to all channels {1,2,3,4}, there are 4 layers of
MDS codes, a (4,1) code that uses the codebook Cia34, for
Il = 1,2,3,4. Hence, there are 4 codebooks for that level.
The codeword from Cjg34,; can be decoded if [ descriptions
are received. Note that there is identical coding rates for each
of the descriptions, but we bin each codebook, independently
4 times at different binning rates denoted as pi234,,, for
1 = 1,2,3,4 for the codebook Ci234;. In each bin there
are approximately 27("1231.1-P12341. codewords that can be
decoded with the help of side information, hence only the bin
rates contribute to the description rates. The codeword from
the codebook (234, can be decoded if any [ descriptions
are received. For the base descriptions, broadcasted to the
subset of three channels A € {123,234,124, ...} there are
three layers MDS codes: (3,/) MDS code that uses C 4 for
I =1,2,3. Next, we have the layer with |A| =2 and |A4| =1
in a similar fashion.

For the refinement descriptions, there are three layers of
SCEC: (4,1) SCEC for | = 1,2,3. Note that a (4,4) SCEC
code is not necessary because there is already an (4,4) MDS
code in the base description as the codebook (2344 that is
transmitted to all the decoders. Any refinement information
can be placed there, since it is decodable only if all of the
descriptions are received. Note that a (4,4) MDS code is
identical to a (4,4) SCEC.

For decoding, lets us consider the decoder {12} which
receives the descriptions 1 and 2. This decoder uses C234,1,
Cr234,2, Ci23,1, Ci23.2, Ci134,1, C234,1, Ci2,1, Ci22, Cis 1,
C3,1, C1a,1 and Cayg,; as the base layer codebooks and C{’l,
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1.2> C5.1, C3 5 are the enhancement layer codebooks used to
reconstruct the source through the single letter function gy o.

Note that the proposed scheme can utilize the subset sym-
metry in our running example of Ry > Ry = R3 = Ry =R
albeit using MDS codes instead of SCEC, for the subset
{2,3,4}, by setting the encoding and binning rates accord-
ingly., i.e., by setting p2 34,5 = p;, for all £ =1,2,3 and
similarly,ng,k’j = P34,k = P24,k = Pjo for k = 1,2 for
the remaining base and refinement layers, we have a scheme
that is very similar to PPR-2 for descriptions 2, 3 and 4. The
trivial combination of CMS base layer with PPR refinement
layer will not be able to utilize this symmetry because the
symmetry lies within the subset. Similarly, CMS scheme will
not be able to use this symmetry in the subsets, since it is
designed for the general setting.

B. Achievable Region

For each subset, A of the channels that a base description
broadcasts to, we layer (].A|, k) MDS codes for k = 1,2, .., | A
over the channels in A. For the refinement descriptions, we
layer (L,k) SCEC’s for £k = 1,2,...,L — 1. Decoder A
will decode the refinement codewords generated from the
codebooks with k& < |.A| and subset K base descriptions of all
codebooks with k& < |.A N K|. It then reconstructs the source
jointly using all received descriptions.

The following theorem present the achievable region for the
proposed MDC scheme. We call this region, RDcpyrs—RrB.

Theorem 1. An achievable rate-distortion region with the
proposed MDC scheme is the convex closure of all rate-
distortion tuples satisfying

2mP1,1

s nps
onra| 2 PAGCE]

Cla Coq

&y, [ @

Refinement Layer

2”#3,4

Codebook structure for the proposed scheme for L = 4 descriptions, where ¢ = 1,2,3,4, 7 =1,2,3 and z = 1, 2.

Da > B{X,94(Uzz 4 Viceod 140 ) VA€ 2T (3)

Ri= > prit Y., parnVIeIp )
kel 1 A€21IL,
IEAKEL) 4

for some joint distribution, decoding functions and rates
satisfying the following

H(Uk.c,VaerxalX) = > HVar) —rax

AT kEK 4

+ Z HUk) — rky

kelC,lel,

&)

forany T € 22", K4 € 21t and £ € 2F* and

Z H(Uk) + pri — Tyl
keEAlET

HVicr) + pckg — ek (6)

H(UIE,Avv)CGQiA,I\ANC\) S

DS

Ke2{' K€L sni|,l€A

for any A € 2F5 where = = min{|A|, L — 1}.

Proof: Consider a joint distribution that satisfies the rate
and distortion bounds. Then, an encoding scheme with random
codebooks and binning can be constructed as follows:

Base layer codebook generation: For every A € ofr,
we generate a set of |A| MDS codes, where the k" code
is a (JA],k) MDS code, which is basically a codebook
generated with the distribution Py, and the codeword from
this codebook is binned |.A| times independently. For each
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index, g4, € 2""A* we generate a length n codeword by in-
dependently choosing its symbols from a codebook generated
with the marginal Py, .

Refinement layer codebook generation: We generate a set
of L —1 codes where the k‘" code is an (L, k) SCEC, which
itself consists of a set of L codebooks, one for each channel.
The k" codebook for channel I denoted as C,’C’ ; 1s generated
as follows. For each index gy, € 2""*! generate a length n
codeword choosing its symbols from a codebook generated
with the marginal Py, ,.

Binning: For each base codebook C 4 j, we randomly bin
the codewords L independent times for each description, with
the binning rate p4 5, for all A € Q%L,k € Lia,l €1y,

For the refinement codebooks, C,’CJ, we randomly bin
(once), with the binning rate py,;, for all k € Zp 1,1l € Zy.

Encoding: Given a length n source sequence x", the
encoder finds, if possible, two sets of indices ¢ a2t EN and
gz, _,,z; such that the codewords associated with these indices
are jointly typical. If more than one is found, we choose
arbitrarily. If none is found, we declare an encoding error €g
by assigning each index to an arbitrary number not used in
the encoding.

Decoding: Decoder A, where A € 2?, receives the
descriptions associated with A. If these indices indicate an
encoding failure €, the decoder estimates the source using
only the statistics and achieves a distortion bounded by a finite
constant d,,,. Otherwise, it finds a unique set of quantization
indices such that the corresponding codewords are jointly
typical.

Successful encoding guarantees the existence of at least one
set of indices. If more than one is found, the decoder declares a
decoding failure £ p and reconstructs the source using only the
statistics knowledge, achieves a distortion upper bounded by
dmaz- Otherwise, the decoder recovers the quantization indices
perfectly and reconstruct the source using g4 and achieves an
overall distortion of no more than D 4+ ¢+ P{eg Uep }dmax
as in (3) for any € and large enough n.

Next, we will show P{ep Uep} — 0 as n — oo. First,
we break up the encoding and decoding error probabilities as
follows by the union bound:

P{EEUED} SP{SE}—F Z IP){‘{l_D(“Ll)'ECE}'

Ae2iT

)

where ¢ p(A) denotes the decoding error event for the decoder
A. It follows from the well known property of typical sets and
the counting arguments used in [7] that if (5) holds, P{eg}
vanishes. We are left with upper bounding P{ep(A)|e%}.
Let the error exponent be ® £ lim,,_,, 1 logP{ep(A)[e%}-
Then, using the same error bounding approach in [7] (omitted
due to space constraints), we get

® < H(Uzz, 4 Viceap 1 amne)) — Z H(Uga) + prp — Ty

ke AleZ=

H(Vick) + pic,kyl (8)
Ke2{ k€T ank | l€EA

—TKk

Hence, the overall decoding error vanishes if (6) holds. [ |

Corollary 1. RDpppg,
RDcms—RB-

C RDcms—rB RDppr, C

Proof: Since Rppr, € Rppr, by construction, we will
only show RPPR2 C RecMS—RB- Setting VA,k,l = & in
RDcys—rp for A € 27tk € Zigp,! € Ip, where @ is
deterministic, and setting codebook and binning rates at the
refinement layer to identical value for each description, i.e.,
Tkl = Tk, Pkl = Pk, Vl € Iy, yield Rppg, by construction.

|

IV. CONCLUSION

In this paper, we proposed a novel MD coding scheme
based on random binning within the CMS coding structure.
The proposed scheme leverages the CMS structure to achieve
efficient adaptation to asymmetric rate and distortion while
utilizing partial symmetry wherever it exists, with layered
random binning. An example is given to provide intuition for
potential benefits over prior schemes. Future work includes
studying the benefits of the proposed scheme over CMS and
other MD schemes based on random binning.
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